Introduction and preliminaries
The concept of unbounded order convergence under the name of individual convergence was first considered in [13] and " uo -convergence" was initially proposed in [6] . Recently, several papers about uo -convergence in Banach lattices have been published; see [3-5, 8-10, 16] for more details on these results. Unbounded norm convergence was introduced by Troitsky in [15] and further considered in [7, 11] . Unbounded absolutely weak convergence, or uaw -convergence, was presented by Zabeti and investigated in [17] .
Let E be a Banach lattice. For a net x α in E , if there is a net u γ , possibly over a different index set, with u γ ↓ 0 and for every γ there exists α 0 such that |x α −x| ≤ u γ whenever α ≥ α 0 , we say that x α converges to x in order, in notation x α o − → x . A net x α in E is said to be unbounded order convergent ( uo -convergent) to x ∈ E if for each u ∈ E + , the net (|x α − x| ∧ u) converges to zero in order. It is called unbounded norm convergent ( un -convergent) if ∥|x α − x| ∧ u∥ → 0. A net x α in a Banach lattice E is said to be unbounded absolutely weakly convergent to x ∈ E ( x α uaw − −− → x ) if for each positive u ∈ E , one has |x α − x| ∧ u w − → 0. Suppose that E is a Banach lattice and that X is a Banach space. We say that an operator T : E → X is an unbounded absolutely weak Dunford-Pettis operator, abbreviated as uaw -Dunford-Pettis, if for every norm bounded sequence x n in E , x n uaw − −− → 0 implies ||T x n || → 0 . We remark that uaw -Dunford-Pettis operators are continuous. We remark further that an example of a uaw -null sequence that is not norm bounded can be found in [17] . We denote by B U DP (E) the space of all uaw -Dunford-Pettis operators on a Banach lattice E . 7] that f n w − → 0 and that ||T (f n )|| = sup m≥1 | ∫ 1 0 f n (t) sin mt dt| ≤ ∫ 1 0 |f n (t)|dt → 0. Hence, the noncompact operator T is a uaw -Dunford-Pettis operator.
It follows that post-and precompositions of finitely many uaw -Dunford-Pettis operators are again uaw -Dunford-Pettis operators.
Proposition 2.5
Suppose that E is a Banach lattice. Then B U DP (E) is a subalgebra of the algebra B(E) of continuous operators on E .
Proof If T and S are two uaw -Dunford-Pettis operators and x n is a norm bounded sequence satisfying
Recall (see [2] for details) that an operator T : E → F is said to be M -weakly compact if for every norm bounded disjoint sequence x n in E one has ||T x n || → 0. The operator T : E → F is said to be L -weakly compact if every disjoint sequence y n in the solid hull of T (B E ) is norm null.
2 For the converse, we have the following result. Theorem 2.7 Suppose E and F are Banach lattices such that either E or F is order continuous. Then every positive M -weakly compact operator from E into F is uaw -Dunford-Pettis.
Proof Suppose x n is a bounded positive uaw -null sequence in E . Let ε > 0 be arbitrary. By [2, Theorem 5 .60], due to Meyer-Nieberg, there is a positive u ∈ E with ∥T (x n ) − T (x n ∧ u)∥ < ε 2 . First, suppose E is order continuous; since x n ∧ u w − → 0 and the sequence is order bounded, by [2, Theorem 4.17] , we conclude
Note that this sequence is order bounded so that, by [2, Theorem 4.17] , ∥T (x n ∧ u)∥ → 0. In any case, we see that ∥T x n ∥ < ε for sufficiently large n , as claimed. We remark that L-weakly compact operators are fruitful tools because of the following result.
Theorem 2.10
Suppose that E is a Banach lattice and F is an order continuous Banach lattice. Then every L -weakly compact uaw -continuous operator from E into F is uaw -Dunford-Pettis.
Proof Suppose that x n is a bounded positive uaw -null sequence in E . Let ε > 0 be arbitrary. By [2,
Note that this sequence is order bounded so that by [2, Theorem 4.17] , ∥|T x n | ∧ u∥ → 0 . Therefore, ∥T x n ∥ < ε for sufficiently large n , as claimed. 2
In the following example, we show that adjoint of a uaw -Dunford-Pettis operator need not be uaw -Dunford-Pettis.
Example 2.11
Consider the operator T given in Example 2.4. We claim that its adjoint is not uaw -Dunford-
Remark 2.12
Observe that Example 2.11 can be employed to show that the positivity assumption in Theorem 2.7 and uaw -continuity hypothesis in Theorem 2.10 are essential and cannot be removed. The operator T ′ is not positive. Since T is uaw -Dunford-Pettis, it is M -weakly-compact. By [2, Theorem 5 .67], T ′ is also M -weakly compact. However, as we see from Example 2.11, it is not uaw -Dunford-Pettis. Furthermore, [2, Theorem 5 .67] convinces us that T ′ is also L -weakly compact. We claim that T ′ is not uaw -continuous. Note that e n uaw − −− → 0 . For every n ∈ N , consider f n (t) = sin nt . Also, since the sequence (sin n) n is dense in [−1, 1], we can choose sufficiently large n ∈ N with sin n > 1 4 . Suppose that δ 1 is the Dirac measure at point x 0 = 1 . Then (T ′ (e n ) ∧ δ 1 )(sin nt) > 1 4 .
Recall that an operator T : Proof Suppose y, z ∈ E + . Then
in which γ n is a positive sequence that is uaw -null. On the other hand,
provided that two positive sequences α n , β n are uaw -null so that S(y) + S(z) ≤ S(y + z) . Therefore, by the Kantorovich extension theorem [2, Theorem 1.10], S extends to a positive operator. Denote by S the extended operator S : E → F.
We show that S is also uaw -Dunford-Pettis. Let y n be a be a norm bounded sequence in E , which is
We write y n = y + n − y − n for each n. Therefore, we have
in which α m is a positive sequence in E , which is convergent to zero in the uaw -topology. Similarly,
In the next example, we show that adjoint of a nonuaw -Dunford-Pettis operator can be uaw -Dunford-Pettis.
Example 2.21 Consider the operator T
: ℓ 1 → L 2 [0, 1] defined by T (x n ) = ( ∑ ∞ i=1 x n )χ [0,1] for all x n ∈ ℓ 2 where χ [0,1] denotes the characteristic function of [0, 1]. The operator T is compact but it is not uaw -Dunford- Pettis. Its adjoint T ′ : L 2 [0, 1] → ℓ ∞ is compact,
and hence it is Dunford-Pettis. By Proposition 2.1, we
conclude that it is uaw -Dunford-Pettis.
Remark 2.22
One may verify that every positive operator dominated by a positive uaw -Dunford-Pettis operator is again uaw -Dunford-Pettis. Therefore, if T is an operator whose modulus is uaw -Dunford-Pettis, it can be easily seen that T is also uaw -Dunford-Pettis. Furthermore, the remarkable theorem of Kalton and Saab ([2, Theorem 5.90]) asserts that if the range space is order continuous, then we can deduce the former statement in the case of Dunford-Pettis operators. Hence, this point can be considered as an advantage for uaw -Dunford-Pettis operators.
In this step, we investigate closedness properties of B U DP (E).
Proposition 2.23 B U DP (E) is a closed subalgebra of B(E) .
Proof Suppose that T m is a sequence of uaw -Dunford-Pettis operators, which is convergent to the operator T . We show that T is also uaw -Dunford-Pettis. Assume that x n is a bounded uaw -null sequence in E . Given any ε > 0 , there is an m 0 such that ∥T m − T ∥ < ε 2 for each m > m 0 . Fix an m > m 0 . For sufficiently large n , we have ∥T m (x n )∥ < ε 2 . Therefore,
2
As the following example shows, the closed algebra of all uaw -Dunford-Pettis operators is not order closed.
Example 2.24
Put E = c 0 . Suppose that P n is the projection onto the n th first components. Each P n is a finite rank operator and so Dunford-Pettis. By Proposition 2.1, P n is uaw -Dunford-Pettis for all n . Also, P n ↑ I , where I denotes the identity operator on E . However, I is not uaw -Dunford-Pettis as the standard basis (e i ) ∞ i=1 is uaw -null but not norm convergent to zero.
Remark 2.25
It is a natural question to ask whether the algebra B U DP (E) has a lattice structure or not. This can be reduced as follows. When does the modulus of a uaw -Dunford-Pettis operator exist, and is it again uaw -Dunford-Pettis? In general, the answer to this question is not affirmative. Consider [2, Example 5.6] , which is due to Krengel. Observe that the space E mentioned there is a Dedekind complete order continuous Banach lattice whose dual is again order continuous. The operator T is compact and so Dunford-Pettis. By Proposition 2.1, it is uaw -Dunford-Pettis. The sequencex n is disjoint so that by [17, Lemma 2] it is uaw -null.
However, as we see in the example, |T |(x n ) is not norm null.
Recall that an operator T between vector lattices E and F is said to preserve disjointness if x⊥y in E implies
T x⊥T y in F .
Theorem 2.26
Suppose that E is a Banach lattice. Let T be an order bounded uaw -Dunford-Pettis operator.
If T preserves disjointness then T possesses a modulus |T | , which is uaw -Dunford-Pettis.
Proof By [2, Theorem 2.40], the modulus of T exists, and it satisfies the identity |T |(x) = |T (x)| for each positive element x ∈ E . Suppose that x n is a bounded positive sequence, which is uaw -null. By the hypothesis, ∥T x n ∥ → 0 . Hence, |T |(x n ) is also norm null. 2
Remark 2.27 Observe that there is no inclusion relation between the algebra of uaw -Dunford-Pettis operators and the class of disjointness preserving operators. The identity operator on ℓ 1 preserves disjointness but it is not
uaw -Dunford-Pettis. Furthermore, consider the operator T on C[0, 1] defined via T (f ) = (f (0) + f (1))1. One may verify that T is a compact operator and so Dunford-Pettis. By Proposition 2.1, it is uaw -Dunford-Pettis but it is not disjoint preserving, as mentioned in [2, Page 117 ].
An operator T : X → E , where X is a Banach space and E is a Banach lattice, is said to be (sequentially)
uaw -compact if T (B X ) is relatively (sequentially) uaw -compact where B X denotes the closed unit ball of the Banach space X . Equivalently, for every bounded net x α (respectively, every bounded sequence x n ), its image has a subnet (respectively, subsequence), which is uaw -convergent.
We further say that the operator T is un-compact if T (B X ) is relatively un-compact in E . In [11] , some properties of un-compact operators are studied. A more general treatment can be found in [3, 4] .
Recall that an element 0 ̸ = e ∈ X + of a normed latice X is called a quasi-interior point if the principal ideal I e generated by e is norm dense in X . The element 0 < e ∈ X is a quasi-interior point if and only if for every x ∈ X + we have ||x − x ∧ ne|| → 0 as n → ∞ .
As in [11, Proposition 9.1] and using [17, Theorem 4 and Proposition 14] , we have the same conditions for uaw -compactness and sequentially uaw -compactness of an operator.
Proposition 2.28 Let T : E → F be an operator between Banach lattices. (i) If F is order continuous and has a quasi-interior point then T is uaw -compact if and only if it is sequentially uaw -compact;
(ii) If F is order continuous and T is uaw -compact then T is sequentially uaw -compact;
(iii) If F is an atomic KB-space then T is uaw -compact if and only if T is sequentially uaw -compact.
Remark 2.29
One of the facts used in the proof of [11, Proposition 9.1, (i) Similar to the case of usual compact and Dunford-Pettis operators, it might seem at first glance that every uaw -compact operator is uaw -Dunford-Pettis; the following example is surprising.
Example 2.30
The inclusion ℓ 2 → ℓ ∞ is weakly compact by [2, Theorem 5.24 ]. This operator is sequentially uaw -compact. However, it is not uaw -Dunford-Pettis. For the standard basis (e n ) n is uaw -null but it is not norm convergent to zero.
Also, the other implication may fail, as well. 1] . It follows from [2, page 313, Exercise 7] that J is weakly compact. In fact, J is uaw -Dunford-Pettis. To see this, suppose f n is a norm bounded sequence, which converges to zero in the uaw -topology. By [17, Theorem 7] , it follows that it is weakly convergent.
Example 2.31 Consider the inclusion map
Since L 1 [0, 1] ⊆ (L ∞ [0, 1]) ′ and the constant function one lies in L 1 [0, 1], we conclude that ∥f n ∥ 1 → 0 , as claimed. However, J is not uaw -compact, since the norm bounded sequence r n of the Rademacher functions does not have any uaw -convergent subsequence.
Let us continue with several ideal properties. (iv) If T is continuous and S is uaw -Dunford-Pettis, then T S is uaw -Dunford-Pettis.
Proof (i) We prove the results for the sequence case. For nets, the proof is similar. Suppose (x n ) ⊆ E is a bounded sequence. By the assumption, the sequence Sx n is also norm bounded. Therefore, there is a subsequence T S(x n k ) that is uaw -convergent.
(ii) Suppose that x n is a bounded sequence in E . There is a subsequence x n k such that S(x n k ) uaw − −− → x for some x ∈ F. Thus, by the hypothesis, ∥T S(x n k ) − T S(x)∥ → 0 , as desired.
(iii) Suppose that x n is a sequence in E , which is weakly null. By the assumption, ∥Sx n ∥ → 0 . It follows that Sx n uaw − −− → 0. Again, this implies that ∥T S(x n )∥ → 0 .
(iv) Suppose that x n is a norm bounded sequence in E , which is uaw -null. By the hypothesis, ∥Sx n ∥ → 0 so that ∥T S(x n )∥ → 0, as desired.
Denote by K uaw (E), K un (E) the spaces of all uaw -compact and un-compact operators on the Banach lattice E , respectively. In general, we have K(E) ⊆ K un (E) ⊆ K uaw (E). In the next discussion, we show that not every uaw -compact operator is un -compact.
Example 2.33
The inclusion ℓ 2 → ℓ ∞ is weakly compact by [2, Theorem 5.24 ]. Hence, it is sequentially uaw -compact because the range of the operator is an AM -space. However it is not sequentially un-compact since by [11, Theorem 2.3] , it should be compact, which is not possible. Remark 2.34 K un (E) and K uaw (E) are not order closed in the usual order of the space of all continuous operators on E , as shown by [11, Example 9.3] ; see also [17, Theorem 4] .
The following results are motivated by the Krengel's theorem; see [2, Theorem 5.9].
Theorem 2.35
If E is an AL -space and F is a Banach lattice whose dual space is order continuous, then every sequentially uaw -compact operator T from E into F has a sequentially uaw -compact adjoint.
Proof Let T : E → F be a sequentially uaw -compact operator. For every norm bounded sequence x n in E , the sequence T x n has a subsequence T x n k , which is convergent in the uaw -topology. By [17, Theorem 7] , the subsequence is weakly convergent. This implies that the operator T is weakly compact. By Gantmacher's theorem [2, Theorem 5.23], it follows that T ′ is weakly compact. Since the range of T ′ is an AM -space, it is sequentially uaw -compact. 2 Remark 2.36 Note that order continuity of F ′ is essential and cannot be removed. Consider the identity operator on ℓ 1 . One may verify that it is uaw -compact; ℓ 1 is an atomic KB -space and therefore using [11, Theorem 7.5] and [17, Theorem 4] yields the desired result. However, its adjoint is the identity operator on ℓ ∞ , which is not sequentially uaw -compact.
Theorem 2.37
If E is an AL-space and F is a reflexive Banach lattice, then every order bounded sequentially uaw -compact operator T from E into F has a weakly compact modulus.
Proof By Theorem 2.35, if T is sequentially uaw -compact then T ′ is a sequentially uaw -compact operator.
Note that E ′ is an AM -space. Hence, the operator T ′ is weakly compact and the result follows from [2, Theorem 5.35]. 2 Proposition 2.38 Let E be a Banach lattice whose dual space is atomic and order continuous. Also, let F be a Banach lattice whose dual is order continuous. Then every (sequentially) un-compact operator T : E → F has a (sequentially) un -compact adjoint operator T ′ : F ′ → E ′ .
Proof For any norm bounded sequence x n in E , the sequence T x n has a subsequence that is un-convergent to zero by un-compactness. By [7, Theorem 6.4] , it is weakly convergent. Hence, the operator T is weakly compact. It follows from Gantmacher's theorem that T ′ is weakly compact. By [11, Proposition 4.16] , the operator T ′ is un -compact. 2
